In optimization problems such as integer programs or their relaxations, one encounters feasible regions of the form {x ∈ R n + : Rx ∈ S} where R is a general real matrix and S ⊂ R q is a specific closed set with 0 / ∈ S. For example, in a relaxation of integer programs introduced in [ALWW2007], S is of the form Z q − b where b ∈ Z q . One would like to generate valid inequalities that cut off the infeasible solution x = 0. Formulas for such inequalities can be obtained through cut-generating functions. This paper presents a formal theory of minimal cut-generating functions and maximal S-free sets which is valid independently of the particular S. This theory relies on tools of convex analysis.
Introduction

The Separation Problem, Examples
This paper deals with sets of the form
where R = [r 1 , . . . , r n ] is a real q × n matrix, S ⊂ R q is a closed set with 0 / ∈ S .
In other words, our set X is the intersection of a closed convex cone (the nonnegative orthant) with a reverse image by a linear mapping. Since 0 ∈ S, it is not difficult to show that 0 does not lie in the closed convex hull of X. We are interested in separating 0 from X: we want to generate cuts, i.e. inequalities valid for X, which we write as
Geometrically, we want to generate half-spaces
This paper presents an overview of a formal theory of the functions that generate the coefficients c j of such cuts.
Let us first give some motivation for our model (1), (2), arising in mixed integer programming. Starting from a polyhedron
(nonnegativity of the y-variables can also be imposed), assume that b / ∈ Z m . Several situations have been considered in the literature.
Example 1 (An integer linear program).
Suppose first that all variables must be integers: the set of interest is P ∩{Z n × Z m }, i.e. the set of points (x, y = b − Ax) such that x ∈ Z n + and b − Ax ∈ Z m . Our problem has the form (1), (2) if we set
Since b / ∈ Z m , the above S is a closed set not containing the origin; (4) is the model considered by Gomory [G1969].
Example 2 (A mixed integer linear program). Consider now P ∩ {R
n × Z m }: the set of interest is the set of points (x,
which is the model considered by Andersen, Louveaux, Weismantel and Wolsey [ALWW2007].
We will retain from the above two examples the asymmetry between S (a very particular and highly structured set) and R (an arbitrary matrix). Keeping this in mind, we will consider that (q, S) is given and fixed, while (n, R) is instancedependent data: our cutting problem can be viewed as parametrized by (n, R 
Cut-Generating Functions and S-Free Sets
Let (q, S) be given and fixed. To generate cuts in the present situation, it would be convenient to have a mapping, taking instances of (1), (2) as input, and producing cuts as output. What we need for this is a function
We will apply the function ρ to the columns r j of R (an arbitrary matrix, with an arbitrary number of columns) to produce the coefficients c j := ρ(r j ) of a cut (3). In summary, we require that our ρ satisfies, for any instance X of (1),
